We introduce the equation of n-dimensional totally geodesic submanifolds of E as a submanifold of the second order jet space of n-dimensional submanifolds of E. Next we study the geometry of n-Grassmannian equivalent connections, that is linear connections without torsion admitting the same equation of n-dimensional totally geodesic submanifolds. We define the n-Grassmannian structure as the equivalence class of such connections, recovering for n = 1 the case of theory of projectively equivalent connections. By introducing the equation of parametrized n-dimensional totally geodesic submanifolds as a submanifold of the second order jet space of the trivial bundle on the space of parameters, we discover a relation of covering, in the sense of [3, 16, 17, 18] , between the 'parametrized' equation and the 'unparametrized' one. After having studied symmetries of these equations, we discuss the case in which the space of parameters is equal to R n .
Introduction
In the 1920's Weyl introduced in [35] the notion of projectively equivalent connections, that is torsion-free linear connections on a manifold E having the same geodesics as paths, namely up to reparametrization. Locally, two such connections Γ and Γ ′ are related by where Φ A , Φ B ∈ C ∞ (E). This approach was pursued by Eisenhart [7] , Veblen [30] and Thomas [28, 29] . He introduced, on an l-dimensional manifold with connection Γ, the projective invariants 
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that is quantities which do not change for a connection which is projectively equivalent to Γ. He called them collectively a projective connection.
In opposition with these mathematicians, Cartan in [4] approached the concept of projective connection in a different way. He imagined to attach to every point of a manifold a projective space of the same dimension, and he gave a rule to connect the projective spaces corresponding to infinitesimally near points. He defined the geodesics as curves whose "developments" are straight lines in the corresponding projective spaces. Then in [14] the authors gave a rigorous foundation of Cartan's approach and explained the relationships with the point of view of Thomas. They introduced the projective structure on a manifold E as a particular subbundle of the second frame bundle of E, and a projective symmetry as a diffeomorphism of E preserving the projective structure. Then they regarded a projective connection as a particular connection on the projective structure.
In this paper we approach the theory of projectively equivalent connections by using jets of submanifolds (also known as manifold of higher contact elements) [20, 21, 22, 23, 31, 32, 33] . Roughly speaking, the r-jet space of n-dimensional submanifolds J r (E, n) of a given manifold E is the space of equivalence classes of n-dimensional submanifolds of E having an r-th contact at a certain point. For instance, J 0 (E, n) = E and J 1 (E, n) is the Grassmann bundle on E of n-dimensional subspaces of T E. The advantage of using jets of submanifolds is that they provide a differential calculus on unparametrized submanifolds, so that any object constructed on them, like connections, vector fields, etc..., are independent of the Lie group G r n of r-jets of 'reparametrizations' [6, 8, 15, 19] . This makes jets of submanifolds natural geometrical objects for studying differential properties of the geometry of submanifolds where the parametrization is not important (like projective geometry of connections). Then, in our scheme, we do not need to use principal bundles like frame bundles, as in [14] , to develop an intrinsic theory of projectively equivalent connections, obtained here in section 3.1 as the particular case n = 1. Taking this into account, we are able to characterize the projective structure on E associated with a torsion-free linear connection Γ on T E -T E as a particular distribution on the projectivized tangent bundle J 1 (E, 1) of E, or, equivalently, as a particular sectionΓ : J 1 (E, 1) -J 2 (E, 1). Our geometrical setting allows us to generalize in a natural manner our reasoning to the case of n-dimensional submanifolds. In section 3.1 we introduce the notion of nGrassmannian equivalent connections associated with a torsione-free linear connection as the equivalence class of connections admitting the same equation of unparametrized n-dimensional totally geodesic submanifolds. We find a distinguished representativeΓ of such a class as a sectionΓ :
, or equivalently as a particular distribution on the Grassmann bundle J 1 (E, n), that we call an n-Grassmannian structure, recovering for n = 1 the case of projectively equivalent connections. We show that the image ofΓ coincides with the equation S of unparametrized totally geodesic submanifolds, so that we treat the Grassmannian structure, the class of Grassmannian equivalent connections and the equation of unparametrized totally geodesic submanifolds practically as the same object. In this way we obtain a more simple description of this geometry than that given in [5] , where the author generalizes definitions and results of [14] to the Grassmannian case by straightforward computations with the same approach therein. Also, taking into consideration the particular structure of S, we calculate the n-Grassmannian invariants, that is quantities which do not change for n-Grassmannian equivalent connections, and we see as in the case n = 1 such invariants reduce to those introduced by Thomas. We construct the mapΓ through a connectionΓ on J 1 (E, n) which we prove is naturally associated with Γ. We take inspiration from [12] , where such a construction is performed in the case of jets of time-like curves of an oriented manifold. Our result is much more general, as we constructΓ in the case of n-dimensional submanifolds which are not required to be oriented. Moreover, in section 5, we find another way to get such a connection.
In section 3.2 we define the equation S pr M of parametrized totally geodesic submanifolds as a submanifold of J 2 pr M where pr M : M × E -M, and M is the space of 'parameters'. Following the reasoning of section 3.1, we define a connectionΓ pr M on
In section 4, we discuss symmetries of both the equations S and S pr M . We see that the most general infinitesimal symmetry of the equation S is a vector field on J 1 (E, n) which preserves the n-Grassmannian structureΓ, that we call a contact Grassmannian symmetry. If we restrict our attention to the case n = 1, we realize that this point of view is more general that the point of view of standard projective symmetries studied in literature (see [1, 2] and references therein), where just vector fields on E have been considered.
In the case n = 1, in [1] the author find, starting from the equation of "parametrized" geodesics, the equation of unparametrized geodesics by a straightforward substitution. In section 5, we prove that such a substitution is a local description of a natural geometrical property of the equation of unparametrized totally geodesic submanifolds which is that of possessing a covering equation, in the sense of [3, 16, 17, 18] . More precisely, we find a natural surjection from S pr M to S which we prove preserves the differential structures of the equations. Also, we show that we can obtain the connectionΓ as the quotient connection ofΓ pr M via this covering map. Finally, in section 6 we prove that in the case M = R n this covering can be obtained by factoring the equation S pr R n by the affine group of R n , which turns to be a subgroup of the group of symmetries of S pr R n .
Geometry of Differential Equations on Submanifolds
In this sections we recall basic notions of the theory of jets of submanifolds, differential equations and their symmetries. Our main sources are [3, 16, 20, 21, 22, 23, 25, 26, 31, 32, 33, 34] .
Jet Spaces
Let E be an (n + m)-dimensional smooth manifold and L an n-dimensional embedded submanifold of E. Let (u A ) be a local chart on E. The chart (u A ) can be divided in two parts, (u A ) = (u λ , u i ), λ = 1 . . . n and i = n + 1 . . . m + n, such that the submanifold L is locally described by
is said to be a divided chart which is concordant to L. Here, and in the rest of the paper, Greek indices run from 1 to n, Latin indices run from n + 1 to m + n, and capital letters from 1 to m + n. Otherwise we shall specify them. Also, all submanifolds are embedded submanifolds.
Let L ′ be another n-dimensional submanifolds locally described
We say that L and L ′ have a contact of order r at p if f and f ′ have a contact of order r at p. Locally this means that the Taylor expansion of (f − f ′ ) around p vanishes up to order r. This property is invariant by coordinate transformations.
The above relation is an equivalence relation; an equivalence class is denoted by [L] r p . The set of such classes is said to be the r-jet of n-dimensional submanifolds of E and it is denoted by J r (E, n). The set J r (E, n) has a natural manifold structure. Namely, let σ = (σ 1 , σ 2 , . . . , σ k ), with 1 ≤ σ i ≤ n and r ∈ N, be a multi-index, and |σ|
, where |σ| ≤ r and the functions u 
is the Grassmannian of n-dimensional subspaces of T p E, and J 1 (E, n) is the Grassmann bundle on E of n-dimensional subspaces of T E.
We have the following natural maps:
We denote by L (r) the image of j r L. We call the tangent plane
We denote by χ(J r (E, n)) the module of vector fields on J r (E, n).
In the rest of the paper we shall put
with L running over all n-dimensional submanifolds of E. The correspondence θ r -C r θr is called the Cartan distribution. We denote by C r (D) the set of vector fields lying in the Cartan distribution of J r (E, n). It is easy to realize that to each point θ r+1 there corresponds the R-plane R θ r+1 = T θr L (r) , and that
This direct sum is not canonical as we have many R-planes passing through a point θ r . A diffeomorphism of J r (E, n) which preserves the Cartan distribution is called a contact transformation. Analogously we can define contact fields on J r (E, n). We denote by D C r the set of such fields.
be a vector bundle and let η r = π * r,1 (η) be the pull-back bundle of η through the map π * r,1 . A differential equation E ⊂ J r (E, n) can be described by φ = 0 where φ ∈ Γ(η r ). We can associate with φ the following operation:
that we call a non-linear differential operator following the terminology of [34] . Conversely, any map :
r p , induces the following section:
The correspondence φ -φ is bijective.
If ̺ : F -M is a bundle, the r-jet bundle J r ̺ is defined as the r-jet of submanifolds which are the image of local sections of ̺. In the rest of the paper M will be an n-dimensional manifold. If (x λ ) is a chart on M, and u A fibred coordinates on F , then we denote by (x λ , u A x σ ) a chart on J r ̺, where the subscript x σ is put to distinguish derivative coordinates of a jet bundle from those of a jet of submanifolds. Roughly speaking, we can interpret the manifold M as the space of parameters. We can reproduce all constructions and definitions related to jet of submanifolds in the case of jet bundle, then we omit them. Now we recall [20, 21, 22, 25 ] the construction of certain bundles which play a key role in the rest of the paper. Let r ≥ 0.
Let us consider the following bundles over J r+1 (E, n): the pull-back bundle
of T J r (E, n) through the map π r+1,r , the sub-bundle
,r , and the quotient bundle
Of course, we have the following exact sequence:
where D r+1 is the natural inclusion.
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Also, let us introduce the exact sequence of bundles:
where
is the natural quotient projection.
and V r+1,0 * are respectively:
where |σ| ≤ r, and the pair σ, λ stands for (σ 1 , . . . , σ k , λ).
In the rest of the paper we denote du λ and [∂ u j ] respectively by du λ and ∂ u j .
Remark 2. In the case that E is endowed with a bundle structure ̺ :
Symmetries of Differential Equations
A classical external symmetry of the equation
Analogously we have an infinitesimal version of the previous definitions. We would like to stress the we can speak about classical symmetries even if that equation has no solutions. Classical symmetries send solutions into solutions when these exist.
The
By iteration we can define the l-prolongation E l . We denote by θ
r the l-prolongation of the point θ r ∈ E. The equation E is said to be formally integrable if all the prolongations E l are smooth manifolds and the maps π r+l+1,r+l | E l+1 are fibre bundles. In the rest of the section we deal just with equations which are formally integrable. A covering is a pair (Ẽ, τ ), whereẼ is a manifold provided with an n-dimensional integrable distributionC and τ :Ẽ -E ∞ is a surjection such that for any pointθ ∈Ẽ the tangent map Tθτ maps isomorphically Cθ(Ẽ ∞ ) to the Cartan plane C τ (θ) (E ∞ ). If 
An element X of D C ∞ is an infinitesimal higher external symmetry of the equation E if X is tangent to E ∞ , and the equivalence class [X] of Sym is called a non-trivial infinitesimal higher external symmetry of E. The set of such classes is denoted by Sym ext (E). Now, let us restrict our attention to E ∞ . An infinitesimal higher internal symmetry of the equation E is a symmetry of C(E ∞ ). The set of such symmetries is denoted by D C (E ∞ ). We denote by CD(E ∞ ) the ideal of vector fields on E ∞ tangent to C(E ∞ ), and we call trivial symmetries such fields. We denote by Sym int (E) the algebra
The restriction map Sym ext (E) -Sym int (E) is surjective. Despite this fact, the set of classical external symmetries does not project on the set of classical internal symmetries (see [3] for a general reference and theorem 5 for a concrete example).
Grassmannian Equivalent Connections
In this section we construct a connectionΓ on π 1,0 starting from a torsion-free linear connection Γ on the tangent bundle T E -E. By usingΓ we find a section
whose image coincides with the equation of totally geodesic submanifolds. We call such a map the n-Grassmannian structure associated with Γ, as it turns out to be a distinguished representative of the equivalence class of connections admitting the same equation of unparametrized totally geodesic submanifolds. Then two connections will be n-Grassmannian equivalent if and only if they induce the same n-Grassmannian structure. As by-product, we recover in the case n = 1 the geometry of projectively equivalent connections and projective structures. Finally we introduce the equation of parametrized totally geodesic submanifolds as a submanifold of J 2 pr M where pr M : M × E -M. Analogously to the unparametrized case, we construct a connectionΓ pr M on pr M 1,0 and an operatorΓ pr M . We shall investigate in section 5 the relations between all the structures constructed here. Below, we fix some notations. Let ρ : F -N be a bundle. A connection Γ on ρ is a section of the bundle ρ 1,0 . It can be equivalently seen as tangent valued form and as a vertical valued form, respectively
If ρ is a vector bundle, we can characterize the vertical projection as a map υ Γ : T F -F [13, 15, 27] . Locally
where {p k } is a local basis of F . The covariant derivative ∇[Γ] X of Γ with respect to a vector field X on N acts on a section s of
For any map f : P -N, we denote by f * (Γ) the pull-back connection on the pull-back bundle f * (ρ).
Totally Geodesic Submanifolds in the Jet of Submanifolds
From now on, we mean by Γ a torsion-free linear connection on the tangent bundle T E -E. We denote by ⊙ the symmetric product. Let us introduce the operator
defined by:
where X is a Cartan field on J 2 (E, n) projecting on X (see (3)). The previous definition is well posed as the vertical part ofX gives no contribution. We call II the universal second fundamental form associated with Γ. The name is justified by the fact that the restriction of II on a n-dimensional submanifold L of E is the second fundamental form on L. Then, taking into consideration (4) and (5), we give the following Definition 1. The equation S of unparametrized totally geodesic submanifolds is the submanifold of J 2 (E, n) given by II = 0.
Locally, such a submanifold is described by
We could define the operator (9) by using the infinite jet of submanifolds J ∞ (E, n). More precisely we could consider the connection π * ∞,0 (Γ), then define (10) simply by restriction on the pseudo-horizontal bundle, as the pseudo-horizontal bundle associated with J ∞ (E, n) is a sub-bundle of T J ∞ (E, n) and realize that the operator that we obtain is a second order differential operator by a direct calculation.
Let us note that equation (11) coincides, in the case n = 1, with the equation of unparametrized geodesics [1, 20, 21] .
Also, (11) can be solved with respect to second derivatives. This suggests to think of this equation as the image of some section of π 2,1 . Below we propose an intrinsic way to construct such a section.
Proof. Let v θ 1 ∈ ker T θ 1 π 1,0 . Let us consider a curve γ(t) in the fibre π
Taking into account remark 1, the above isomorphism is realized by the map v θ 1
Theorem 1. With the connection Γ it is naturally associated a connectionΓ on π 1,0 .
Proof. By previous lemma, the connectionΓ can be characterized as the projection
This projection is defined by the following commutative diagram:
where Ω = Ξ ⊗ π * 1,0 (Γ) and Ξ is a linear connection on the bundle H 1,0 * . Let (u λ , u j , η λ ) be a chart on H 1,0 * associated with du λ . Then:
We continue to denote by Γ the connection π * 1,0 (Γ). We shall see that the map on the top row of the above diagram gives a connection on J 1 (E, n) -E which is independent of the connection Ξ.
We have that
Now it remains to project the previous expression on H 1,0 * ⊗ V 1,0 . We obtain
In view of (12), υΓ does not depend on Ξ. In fact, on one hand we have
On the other hand we have
Taking into consideration that the connectionΓ is characterized by
the theorem follows by puttinġ
Proof. It is a matter of computation, taking into consideration thatΓ A k ξ are polynomials of second order degree in the first derivatives. Proof. Taking into account remark 1, we can characterize a sectionΓ of π 2,1 as the unique section of π 2,1 such that
The local expression of D 2 •Γ is given by
Proposition 1. The image ofΓ coincides with the equation of totally geodesic submanifolds (11).
Proof. It is sufficient to take into consideration expressions (11) and (14) .
Remark 3. Of course, we can interpret
, where RΓ (θ 1 ) is the R-plane associated with the poinẗ Γ(θ 1 ). From now on we shall denote by R •Γ such a distribution. Remark 4. The papers [9, 11] are devoted to the formulation of Galilean relativistic mechanics based on jet spaces and cosymplectic forms. Further developments of this theory are present [12] , where the theory is extended to Einstein relativistic mechanics. In [24] variational aspects are studied. Theorem 1 is inspired by [12] , but the results obtained here are much more general. In fact in [12] Γ andΓ have been constructed in the case of jets of time-like curves of an oriented manifold. Because of orientation, the pseudo-horizontal bundle turns out to be trivial, and a connection on it with vanishing Christoffel symbols always exists. Here we construct the connectionΓ in the case of n-dimensional submanifolds without requiring any orientation, and we prove thatΓ is independent of the connection Ξ on H 1,0 * . This gives a natural character toΓ. Also, from a physical viewpoint, taking into considerationΓ, we obtain as by-product, in the case n = 1 and for time-like curves, the equation of motion of one relativistic particle [12, 24] .
Definition 2. We say that two torsion-free linear connections on T E
-E are n-Grassmannian equivalent if they have the same equation of n-dimensional totally geodesic submanifolds.
We note that in the case n = 1 the distribution R •Γ is integrable and the above definition coincides with that of projectively equivalent connections.
Our reasoning leads naturally to the following 
Proposition 2. The following quantities
are n-Grassmannian invariants, that is they do not change for a connection which is n-Grassmannian equivalent to Γ.
Proof. Equation (11) is a system of differential equations u j λξ + P j λξ = 0 where P j λξ are polynomials of third order in the first derivatives. Quantities (15) are respectively the coefficients of order 0, 1, 2, and 3 of such a system.
Corollary 2. Two torsion-free linear connections Γ and Γ
′ are n-Grassmannian equivalent if they have the same n-Grassmannian invariants. Locally they are related by:
Proof. Straightforward.
Definition 3.
We callΓ the n-Grassmannian structure associated with the connection Γ.
For n = 1 the definition of 1-Grassmannian structure can be interpreted as the projective structure of E associated with the connection Γ. More precisely we have the following Proposition 3 ([1] ). Let n = 1. Then quantities (15) can be expressed in terms of projective invariants (2) .
Remark 5. In [1] the author obtains the result of the above proposition by considerations of local character. Here such result emerges naturally from our geometrical setting. Also, the advantage of considering the projective structure as a particular distribution on J 1 (E, 1) (see also remark 3) rather than a particular subbundle of the second frame bundle of E is that of giving, for instance, a clear interpretation of the relationship between projective and contact projective symmetries (see section 4).
As a natural consequence of our reasoning we have the following 
Totally Geodesic Submanifolds in the Jet of a Trivial Bundle
Let M be an n-dimensional manifold. Let pr M : M × E -M be the projection on the first factor and pr E : M × E -E the projection on the second factor. We recall the projections pr M r,r−1 : J r pr M -J r−1 pr M and pr M r : J r pr M -M where
We notice that we can interpret s as a local section of pr M . Definition 4. We denote by Imm J r pr M the subset of J r pr M of the r-jets of immersions of M into E.
We notice that Imm
(pr * E (T E)), and following the same reasoning as section 3.1, we can define the following operator:
Definition 5. The equation S pr M of parametrized totally geodesic submanifolds is the submanifold of Imm J 2 pr M given by II pr M = 0.
Locally, a parametrized totally geodesic submanifold is described by Proof. We have that
. Then we can consider the
, where Θ * is the dual connection of Θ. The local expression ofΓ pr M as tangent valued form is:
Similarly to the reasoning adopted in the previous section, we can associate witḣ Γ pr M a sectionΓ pr M of pr M 2,1 . The image of such a section is described by (17) .
Remark 6. If we consider the case M = R, then equation (17) is the equation of (parametrized) geodesics. Also, the connection Θ is flat, and then we can find a system of coordinates where the Christoffel symbol Θ 0 0 0 vanishes. This change of coordinates is equivalent to introduce an affine parameter.
Symmetries of the Equation of Totally Geodesic Submanifolds
In this section we discuss the symmetries of both the equations S and S pr M , by generalizing results obtained in [21] . We see, in this case, how classical internal symmetries are the most general symmetries. We recall that withΓ we can associate the distribution R •Γ (see remark 3). The same consideration holds true forΓ pr M . We call S (resp.
We note that we can speak about symmetries of S (resp. S pr M ) even if it has no solutions. They are symmetries of the (non-integrable) distribution R •Γ (resp. R •Γ pr M ).
, and the induced
Proof. We give the proof for the equation S. The same reasoning holds true for the equation S pr M .
Let θ 1 ∈ J 1 (E, n). For each pointΓ(θ 1 ) there exists only one R-plane which contains such a point and which is contained in TΓ (θ 1 ) S. In fact if we represent the pointΓ(θ 1 ) as the pair (θ 1 , RΓ (θ 1 ) ), then such an R-plane is given by T θ 1Γ (RΓ (θ 1 ) ), and the existence follows. On the other hand if two R-planes R andR contain the same pointΓ(θ 1 ), then the difference between a vector v ∈ R and a vectorṽ ∈R belongs to the kernel of TΓ (θ 1 ) π 2,1 . Of course we have that TΓ (θ 1 ) S ∩ ker TΓ (θ 1 ) π 2,1 = 0, and the uniqueness is proved.
From this discussion we have that
We notice that (Γ(θ 1 )) (1) is the point characterized by the pair (Γ(θ 1 ), T θ 1Γ (RΓ (θ 1 ) ) ). Also, we have (1) . By iterating the previous construction, we obtain that the l-prolongation of the equation S is diffeomorphic to S, and so to J 1 (E, n), and that every Cartan plane
The sectionΓ splits canonically the Cartan distribution
} and W is the natural projection, is exact.
We note that H is nothing but the pull-back bundle of H 2,1 throughΓ. The previous sequence induces the following sequence of modules of sections:
Similarly, we have the following exact sequence:
where H pr M is the module of sections of the bundle
Corollary 3. Let S (resp. S pr M ) be integrable. Then the algebra of trivial internal symmetries of S (resp. S pr M ) is isomorphic to H (resp. H pr M ). The algebra of higher internal symmetries of S (resp. S pr M ) is isomorphic to the algebra of classical internal symmetries of S (resp. S pr M ), and coincides with the algebra of vector fields on
The algebra of non-trivial higher internal symmetries of S (resp. S pr M ) is the projection through W (resp. W pr M ) of the algebra of internal symmetries.
Proof. From Theorem 4 it follows that (S ∞ , C(S ∞ )) is isomorphic to (J 1 (E, n), R •Γ). The same holds true for S pr M and the proposition is proved.
We would like to point out that even if S (resp. S pr M ) is not integrable, the results contained in the previous corollary still remain true. The only difference is that we can not speak about trivial symmetries or higher symmetries in the sense of section 2. But the characterization of classical internal symmetries is the same. Remark 7. We would like to note that in the case that dim E = n + 1, in view of Lie-Bäcklund theorem [3, 16, 31] , there are external symmetries of S which come from a contact transformation of J 1 (E, n) but not from a transformation of E.
Proposition 6. Let S be integrable. An n-Grassmannian transformation sends ndimensional totally geodesic submanifolds into n-dimensional totally geodesic submanifolds.
Proof. It is sufficient to apply the definitions.
The following theorem generalizes a result contained in [20] and inspired by [3] .
Theorem 5. The group of classical external symmetries of S (resp. S pr M ) is a subgroup of the internal ones.
Proof. We give the proof in the case of the equation S. The result in the case of the equation S pr M is attained by using a similar reasoning. We recall that any transformation G :
is a classical external symmetry of S if G is a contact transformation and G(S) = S. Any such transformation projects on a Lie transformation G (1) of J 1 (E, n). Also, we have that (G (1) ) (1) = G. This means that G is a Lie transformation if and only if G (1) is a Lie transformation. Moreover, the condition that G preserves S is equivalent to require that G (1) preserves R •Γ. Then we can identify any external symmetry with a diffeomorphism on J 1 (E, n) which preserves both the Cartan distribution on J 1 (E, n) and the distribution R•Γ.
Remark 8. In the case n = 1 the distribution R •Γ (resp. R •Γ pr M ) is of course integrable. In this case, the infinitesimal point external symmetries of S coincide with the projective fields on E, which have been largely studied in literature (see [1, 2] and the references therein). The previous theorem says that projective symmetries form a sub-class of contact projective symmetries. Studying such symmetries is interesting, for instance, in general relativistic mechanics. In fact in [24] the scheme of one relativistic particle is constructed in the framework of jets of submanifolds.
Covering of the Equation of Totally Geodesic Submanifolds
Definition 7. The r-prolongation pr
Roughly speaking the projection pr (r) E sends jets of a parametrized submanifold in jets of the same submanifold regarded as an unparametrized submanifold.
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Lemma 2.
Proof. It is a straightforward computation.
We have the following commutative diagram: (20) . . .
Remark 9. In [15] the space J r (E, n) is constructed starting from Imm J r pr M by means of the action of the differential group G r n . The previous diagram is an alternative way to get J r (E, n) from Imm J r pr M by using a generic manifold M as space of parameters rather than R n .
Proposition 7. The following diagram
is commutative.
Proof. We calculate the expression of pr (2) E in a chart where the determinant of the Jacobian matrix u ξ x λ is not zero. We have that Proof. It is sufficient to check that the first prolongation pr (1) E sends the distribution R •Γ pr M into the distribution R •Γ. In fact, in view of proposition 7 and of (19), we have that RΓ (pr If R •Γ and R •Γ pr M are integrable distributions, in view of theorem 4, we have that the previous covering satisfies the definition given in section 2. In particular, if n = 1 we find the results of [20, 21] .
Theorem 7.
The connectionΓ is the quotient connection ofΓ pr M via pr is commutative.
Proof. The local expression of T pr
E is T pr The equation S pr R n admits always an n 2 + n dimensional Lie group of symmetries. More precisely we have the following Proposition 8. The affine group Aff(R n ) of R n is a Lie subgroup of the Lie group of external symmetries of S pr R n .
Proof. The affine group Aff(R n ) induces a Lie group action on J r pr R n . Namely, for any g ∈ Aff(R n ) we can define the following map:
Then we can lift it to a Lie transformation (g × id) (r) of J r pr R n . If g is given locally bỹ x λ = a Now it is a straightforward computation to realize that (g ×id) (2) preserves the equation S pr R n , and then it is a symmetry.
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Let us note that in the case n = 1 we recover the affine parametrization of the geodesic equation.
Proposition 9. Imm J 1 pr R n Aff(R n ) ≃ J 1 (E, n). Proof. It is sufficient to consider the results of this section and theorem 6.
Perspectives
Our next target is to introduce the Weyl projective tensor by using the approach of this paper, and generalize to the Grassmannian case. Also, we could apply our results to problems arising from physics. For instance, we could find contact projective symmetries, of special form, of the equation of motion of one relativistic particle.
